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ABSTRACT 
The problem of steady state motion of a rigid 
strip perfectly bonded to a linearly elastic half 
space is analyzed.  The problem is reduced to solving 
a single complex singular integral equation, rather 
than a system of dual integral equations, for reasons 
elucidated in the text.  The singular integral equa- 
tion is solved by expansion in terms of weighted 
Jacobi polynomials.  The resulting linear algebraic 
system of expansion coefficients is solved numerically. 
Comments on related papers are presented. 
INTRODUCTION 
The problem to be considered is posed as follows. 
We have an isotropic linearly elastic half space, upon 
which a rigid strip is glued with perfect adhesion. 
The strip may be externally forced or subjected to a 
steady field of incoming Rayleigh waves (fig 1-0).  As 
is common practice, such a problem is conveniently 
formulated in terms of the two cartesian displacement 
components u and v.  The governing equation in 
this case is the Navier equation, 
(*fu)v*(v*.u) + nV2u - p -Mf - 0 (1) 
dt* 
where ~h    and p. are the familiar Lame constants, p 
the mass density, and. u ■ ul + v3.  Due to the wave 
nature of the problem, we do not solve (1) directly 
for u and v.  It can be shown that the displacement 
field can be decomposed into the gradient of a scalar 
potential <t>,  and the curl of a vector field J   in 
accordance with the Helmholtz decomposition theorem 
[1], i.e. 
o 
60 
•H 
^ 
ff-^ + ^r; ^-i|f + 3^   ?-£. |*-o     <2) 
Substitution of (2) into (1) can be readily shown to 
result in the following equation, 
vt(X+2u)V2* - p ^-£] + v* x [nV2? - p £-j£] - 0    (3) 
dtr dt* 
For the quantities in brackets vanishing separately, we 
obtain the two uncoupled wave equations 
In this paper, we shall only consider the steady- 
state solution, in which the time dependence can be 
eliminated by considering all quantities to have an 
e    time dependence, i.e. 
*(x,y,t) - 9(x,y)eiu)t *(x,y,t) - e(x,y)eitut 
u(x,y,t) - U(x,y)eiajt v(x,y,t) - V(x,y)eitut 
Substitutions of (5) into (4) yields the steady-state 
governing equations 
(5) 
729 + a2q> - 0, a±  - f-; V2* + a2* - 0, a2  - f- 
Equations (6) together with the appropriate 
steady-state boundary conditions constitute a mathe- 
matically well defined boundary value problem. 
(6) 
FORMULATION 
As previously mentioned there are two basic 
problems which can be considered, the excitation of 
the strip by a field of incoming Rayleigh waves, or 
the externally forced motion of the strip generating 
the steady-state wave field.  The two problems are 
closely related in that they are governed by the same 
singular integral equation (to be consequently devel- 
oped).  The first problem is of intrinsic geophysical 
importance, for it represents the interaction of a 
structure to seismic waves, and therefore warrants a 
discussion, although it will not be solved in this 
paper due to the highly complex numerical nature of 
its solution. 
The scheme of the solution is as follows.  Pro- 
ceeding with a generalized method suggested by Thau [12], 
the otherwise unmanageable total problem is decomposed 
into the superposition of two simpler and physically 
fundamental problems, the diffraction of waves by a 
fixed strip and the radiation of waves caused by the 
forced motion of an inertialess strip.  The solution 
of the first problem yields the loading on the strip 
due to the incident waves which tend to force the strip 
to move.  The solution of the second problem yields 
the loads acting on the strip due to the resistance of 
the half space to a forced motion. 
We express the decomposition of the displacement 
field as 
u(x,y,t) - u^x.y.t) + u£(x,y,t) + u*(x,y,t)     (7) 
-*£ -HA 
where u  is the Rayleigh wave field, uT the diffracted 
field by a fixed strip, and u| the field radiated by 
the motion of the strip.  The mixed boundary value 
problem for the u? field is defined by 
uj(x,0,t) - -{^(x.O.t)    |x| < a 
of  (x,0,t) -.<£  (x,0,t) - 0  |x| > a 
yyl xyl 
where u (x,0,t)  is given by 
-*P - iah>x ^        - iaDx  . .. 
u*(x,0,t) - [-iD(aR)e  R i + 10(0^) e  R ]eia>t 
* - 1.4667, op -5- R  cR 
V(a>x) being the amplitude of the Rayleigh waves, and 
aR the Rayleigh wave no. Solution of (8) yields the 
loads 
(8) 
(9) 
P1(D)-fa Y        (x,0)dx   Q,(D) - f      Y        (x.O)dx 1
    
J
-a   L-'yy1 J-A  ^xy1 
M^D) mj      £   (x.O)xdx 
"
a
  yy^ 
on a would be immobile strip ( )    being the 
(10) 
V 
associated time independent stresses).  As a consequence 
of (8) the mixed boundary value problem for 35 is 
given by 
u*(x,0,t) - [u0(co)i+(v0(co)+€0(co)x)3]eia),:  |x| < a 
s s , ,        <U> 
ayy (x,0,t) - a*y (x,0,t) - 0  |x| > a 
where uQ(oi), vQ(a>), and €Q(CD)  are the displacements 
of the rigid body motion to be subsequently determined. 
If UQ(<D), V0(CD), and €Q(aj) were known, the solution 
of (11) would yield P2(uQ,vQ,€0), Q2(u0>v0»€o> and> 
M2(uQ,v0,€0).  Now, the unknowns uQ(a)), vQ(a)), and 
€_((!)) can be determined via Newton's Laws, supple- 
mented by continuity of displacement at x ■ -a, x ■ a 
(in view of the solution to the singular integral equa- 
tion, the continuity conditions can be seen to be a 
vital necessity, even though at this stage, in view of 
8 
Newton's laws they appear to be extraeneous).  The 
equations of rigid body motion are 
-mg + P^D) + P2<u0'vo'€o) " -"^o 
Qx<D) + Q2(uo»vo»€0> " -"tt^o (12) 
M^D) +M2(u0>V<),€0) --I0co2€0 
and the continuity conditions are 
x --a:  uj(-a,0,t) + u|(-a,0,t) 
- [«0^+(v0-ea)3]el£Dt - u^-a.O.t) 
x - a: uj(a,0,t) + u|(a,0,t) 
- [uoi+(vo+€a)j]eit0t: - u^+a.O.t) 
The second problem, the externally forced motion 
of the strip is amenable to a numerical solution, and 
is the objective of this paper.  We consider the 
rocking problem, that is the strip is steadily rotated 
back and forth through a prescribed angular tilt e, 
and the vertical and horizontal oscillations.  The 
mixed boundary value problem is given as 
(13) 
u(x,0,t) -V*1"* 
v(x,0,t) - €xei0it-hfoe±ait |x| < a        (14) 
ayy(x,0,t) - axy(x,0,t) - 0    |x| > a 
and the dynamic equilibrium condition is simply 
M - /   Y      (x,0)xdx 
J
-a *-* yy 
P - f* V      (x,0)dx (15) 
° -a *-* yy 
Q - r y <x,o)dx 
° -a *-• xy 
The boundary conditions (14) for  |x| < a can be 
expressed in terms of <p and £ by use of (2), (5), 
and (7), the result is 
||(x,0) + ||(x,0) - 0 - U(x,0) 
|x|  < a (16) 
ly<x'°>  * H(x'0)   " €X  " V<x>°> 
The remainder of the half plane is  stress  free,   and by 
use of Hooke's  law and  (2)  and  (5),  we have that 
10 
V  (x,0) - n[-o#p(x,0)-2 ^-S(x,0)-2 ^7(x,0)] - 0 
*-> yy * dx 7 
1*1 > • 2 2 
£  (x,0) - n[2 ^|y(x,0)-a^(x,0)-2 0(*.°>] " 0  d?) 
The problem is now well posed in mathematical 
language.  Eqns. (6) are the governing equations, 
which are subject to the boundary conditions (16) and 
(17) and conditions at infinity (i.e. solutions which 
grow exponentially at infinity are discarded). 
11 
DEVELOPMENT OF THE 
SINGULAR INTEGRAL EQUATION 
The complete formulation of the problem commences 
by applying a Fourier transform on q> and £    in the 
x direction (since x e  (-«>,«)).  The transforms are 
defined by 
?(k,y) --^ ;r°° <p(x,y)e-ikxdx 
T(k,y) - 1  /" ?(x,y)e-ikxdx (18) 
Applying the transform to the governing equations (6) 
results in the two ordinary differential equations 
£$ - (k2-a2)? - 0, ^Z  - (k2-a2)T - 0        (19) 
dyZ       1 dyZ      2 
whose solutions are 
1 1 
-<k2-a?)*y , -k2-a2)7y 
<p(k,y) - Ax(k)e     x  , ?(k,y) - A2(k)e    2    (20) 
where A^k) are arbitrary functions of k, to be 
determined through use of the boundary conditions (16), 
(17).  Usually A^k) are determined by transforming 
the given boundary conditions, which in most of the 
12 
classical problems are not mixed. For the mixed problem, 
the transforms are inverted by use of Fourier inversion, 
and substituted into the given boundary conditions, 
resulting in a system of simultaneous integral equations. 
For this problem <p(x,y) and 4(x,y) are 
1 
! (21) 
,   r -     - (k2-a2)7y 
Subsequent substitution of (21) into (16), (17) results 
in the following system of dual integral equations 
2 
V f °° m m   mml '•   |x|<a,-2: |x|>a 
) J      R?i(k,x)A (k)dk - f?(x) (22) 
^ 
J
-oo XJ     J        *     i . 1,2 
where it can be easily verified that  -, 
1        ikeikx   1        -(k2-a2)7 
R£x(k,x) - ^1^— t   R£2<k»*) —z  , f J(x) - 0 (23) 
,                    -(k2-a2)7eikx . ..   ikx       9 
R21<k'x> yff '   *22<k>x>   "     %     'f!<x>   "€X 
13 
1 
9        (cx2-2k2)elkx  7 2ik(k2-a?)7eikx 
Rii(k,x) "  yzy ' Ri2<k'x) -fi=r ' 
t\(x) - 0 
1 
2       -2ik(k2-a?)7 ikx  2       (2k2-a2)  .. 
Rii(k'x) * ysr   * ' R22(k'x) "-y5? e 
f?(x) - 0 . 
All that remains is to solve for the unknowns A.(k) 
in (22).  This can be achieved by a "direct method" 
as described in [2], [3], and [4].  However, improper 
choice of expansion functions in the "direct method" 
will lead to a smoothing of the singularity of the 
unknown functions of interest, as was shown by Erdogan 
in [A].  Consequently, to avoid all the controversy and 
confusion associated with the "direct method", a 
Green's function approach is used.  As a result of 
this approach, a single complex singular integral 
equation is generated, the thepry and solution of 
which is relatively straightforward.  For a detailed 
discussion of singular integral equations see [5]. 
The general Green's function method consists of 
solving the governing equations for the impulsive in- 
homogeneities, the resulting solution being referred 
14 
to as the Green's functions of the given problem.  The 
actual inhomogeneities are then integrated with the 
Green's functions kernel over the given region of 
interest, resulting in the solution of interest. 
The governing equations for this problem are 
homogeneous, but the boundary condition are not. 
Consequently, equations (6) are solved for the following 
boundary conditions 
V      (x,0) - - P5(x-n), £  (x,0) - Q6(X-TI)  (24) 
Ayy xy 
i.e. impulsive normal and shear stresses applied at 
x ■ T)«  The quantities  P and Q are extended to be 
functions of T), and represent the normal and shear 
stresses under the strip.  P and Q become the un- 
knowns in the ensuing real singular integral equations, 
which will be integral expressions for the derivatives 
with respect to x of the time independent displace- 
ments U(x,0) and V(x,0) under the strip. 
From (17) the expressions for the time independent 
stresses in terms of <p and £ are 
15 
Xyy<*.yWt-^-2 gf - 2 gf - 2^] 
Ixy^>-^2Sy-a22^2g] 
(25) 
The transformed stresses can be readily verified to be 
£  (k,y) - n[?(2k2-cx2)-2ik §£] 
I 
(26) 
xy 
(k,y) - n[2ik |* + (2k2-a2)T] 
Substituting (20) into (26) (and setting y - 0), 
transforming (24), and then equating the two results 
yields two equations to determine the two unknowns 
A.(k)  in terms of the two other unknowns  P and Q 
(it just amounts to switching unknowns from A.(k) 
to P and Q).  The equations are 
91,2 2 Zk -do 2ik(k2-aJ)1/2 
-2ik(k2-a2)X/2   2k2-a2 
w/zlF 
Ax(k) 
A2(k) 
(27) 
Simple application of Cramer's rule to (27) results in 
16 
Mk) , P(kn)e-lk^       A (k)  . gggtiK^ 1
 u/27 P(k) 2V u/2r F(k) 
p(k;T!)  - [-P(T!)(2k2-a2) + 2iQ(T!)k(k2-a2)1/2] 
(28) 
a(k;T1)  - [-Q(T))(2k2-a2)  -  2iP(t|)k(k2-oJ)1/2] 
F(k)   - (2k2-a2)     - 4k2(k2-a2)1/2(k2„a2)l/2> 
where F(k)  is the well known Raylelgh function. 
Substitution of (28) into (21) yields the expressions 
for <p(x,y;Ti) and q>(x,y;Ti), 
1 
9(».y;t|) -jfe J   ^ftf-e     1 dk (29) 
-oo 1 
1  r°° aCkjnl [-(k2-«i)Vik(x-n)] 
Integral expressions for -|^ (x,y)  and -|^ (x,y) 
can be obtained from (29) by use of (2), the result is 
17 
-<k2-a?)7y 
i 
1 ,.2    2x7 
2     2 7 ~<k ~a2>    y 
 2_^ ]elk<x-Vdkjdi, 
1 
1 /f.2    2x7 9    7 7 -(k -a-i)    y 
1 
2   , -(k2-a2)7y 
a(k
»?k)    —^fr-^dk}*, 
Substitution of  (28)  into  (30)  enables   (30)   to be 
expressed  in a more  convenient  form as 
a 
■a lr<
x
'y>   "2TFM:/_3  P(n)Hn(x,T1,y)dr1 
" W J • Q(i)Hi2(x»i»y)d') 
^
(x
»y>   "7?H   j^ P^)H2i(*.T1,y)dT1 
-a 
i    ra 
"  2ir£   j       Q(n)H22^x»^»y)dT^ 
where 
(31) 
18 
1 
P oo       - (k2-a?)7 y 
HijCx.Tj.y) -J   [D1:j(k)e 
1 (32) 
+ Elj(k)e'(k2"a2) V^dk 
and D..(k) and E..(k) are given in Appendix A. 
To obtain expressions for 4— (x,0) and $—  (x,0), 
the limit as y -* 0 cannot be taken directly inside 
the integral (32) because the integrals are not 
uniformly convergent without the exponential damping. 
However, the limit may be taken inside if the divergent 
contribution of the integrand can be separated in a 
manner such that the singular nature of that contribution 
is well known.  This may be accomplished as follows. 
Letting       1 l 
t      -(k^of^y -(k2-a?)7y M     ... 
Dij(k)e     1        -[D±j(k)e     X  -D^ (k)e' I1*'*] 
(33) 
+ D^(k)e-'kly 
1 1 
-(k2-a2)7y -(k2-a?)^y „     ... 
Ei:j(k)e     2   -[Ei:j(k)e     2  -E^ (k)e' I*'?] 
» ..._-|k|y + E^(k)e 
where 
19 
D* (k) - lim Dt.(k), E" (k) - lim E1.(k)        (34) 
it can be readily shown that E^°. (k) + D?, (k) are 
constants (in the case of ( ),« and  ( >2i> they 
are constants multiplied by sgn(k)), the resulting 
limit singularity of whose integral is well known. 
The limit as y -+ 0 can now be taken inside the 
remaining integrals, and HJ.(X,TJ) becomes 
Hij <*' 1> "fj- <Dij <k>"Dij <k>>+<Eij (k)-Bjj (k)) ]eik<x^>dk 
+ lim 2 r°°Lf.(k)e'lk,ycos k(x-i))dk        (35) 
y-*0 J 0  J 
+ lim 2i f °° M?.(k)e"'klySin k(x-n)dk 
y-vO   J 0    J 
where 
Dij (k) + Ei1 <k> " Li1 <k> + "i1 <k> <36> 
even    odd 
The second and third integral in (35) may be readily 
evaluated, and as a result (35) takes on the form 
20 
HU(X,T]) - K11(x,n) - -^ii re(x-T)) 
H12(X>i|) -K^Cx.T)) +1^111^ 
A+l  1 <37> H21(x,r1) -K21(x,T!) + i<^>-^5F 
H22(x,T!) - K22(x,T!) - I^li r5(x-T!) 
where 
(38) 
Kij(x'^ " / " [(Dij(k)"Dij(k)> 
+ (Eij(k)-Ejj(k))]eik<x-Tl>dk 
and
 
A
 " l^ '  Anally the expression for |^ (x,0) 
and |£ (x,0)  are 
■a 
a 
-a * 
a 
^(x,0)-i-liQ(x)+^ii/a|^idT,       (39) 
- i^J _ pw«2l(».n)Ji - i^r/a Q^KjjCx.^dt, 
>a       -- '»t*v/.a 
21 
^1-. 
Instead of solving (39) as a coupled system of singular 
integral equations, the system can be combined into 
one complex singular integral equation for a single 
unknown complex valued function <p(x). 
Defining the unknown complex function q>(x), and 
the known complex input function f(x) as 
<p(x) - P(x) + iQ(x),  f(x) -|2 (x,0) - i || <x,0)  (40) 
<39) becomes 
where 
Kxl(x, T))+K22(X, TJ)- [K12(x, TI)+K21(X, TI) ] 
(41) 
Kx(x,ii) 
* - THT        <A2> 
Kn(x, n)-K22(x, T))+[K12(X, TI)-K21(X, TJ)] 
^frfl) * 2  
Before proceeding to solve (41), it must be noted that 
the kernels K^. (x, TI) as given by (38) cannot be 
evaluated in closed form analytically, nor can they be 
22 
evaluated numerically as given.  To evaluate the kernels, 
the transform variable k must be extended to complex 
arguments, and then and only then can the integrals be 
evaluated, via the appropriate contour integration 
(which is the subject of the next section). 
23 
EVALUATION OF THE FREDHOLM 
KERNELS VIA CONTOUR INTEGRATION 
The explicit form of the kernels KJ.(X,TJ)  in 
(38) are 
Kn(x,n) -J_ [-T^ - 2(a2.02)1#     dk 
,,   ,„   .     f- r°fek2-°?>1/2     |fc|af      leik(,-n)dk 
^ifr-n) -J.„ [—TO ^^|)]e   \   dk 
1        1 
K22(X,T1) - K11(X,T]) G(k) - (2k2-o|)-2(k2-o|)7(k2-aJ)7 . 
So it is readily observed that the kernels K.. (x, r\) 
are of the general form 
Kij (x» ^ " / " fiij (k>elk(X~^ (44) 
We want to evaluate the right hand side of (44) by 
closing the appropriate contour, and choosing the 
appropriate branches of (£2-a2)1//2 and (^-o^)1/2 
where £    is the complex variable k + is  (see 
fig 2-0). 
24 
fig 2-0 
BRANCH 
CUTS 
BRANCH CUTS 
25 
From fig 2-0, we observe that (Cauchy's theorem) 
f   flijCOe1^*"^ -0 (45) 
where C Is the entire contour closed In the upper half 
plane (for x-r) > 0) or closed in the lower half plane 
(X-T) < 0). For X-TJ > 0, we have that 
/ °° iWlOe^^-^dk - - f     ^(Oe1^*'^ 
(46) 
+ iir£ Res^COe^^-^^R.-aR) 
where +OR are the roots of the Raylelgh function. 
The contributions from C  and C, go to zero as 
Cu and C£    go to infinity.  The loops L1§ L2 around 
the branch cuts assume the following form (the super- 
script + refers to the limiting value from the left 
and the superscript -  refers to the limiting value 
from the right) 
26 
r al 
+
 J  .[^(-^-^(-^l^"1^"^^        <47> 
+Ja [<$j<-*>-«y<-*>]• iMx n>d*  s c [a,-) 
1
* € [0,O2] 
/ fli:J(Oei<Kx-Tl)de —iJ,0°[4j(-t8)-qj(-i8)]e8^-Tl>d8 
L2 
al 
a2 X-TJ < 0 
+ J       [flfjW-qjWle^^-^dX s 
€
 [0,oo) 
al A e [0,a2] 
The specific integral expressions resulting from 
explicit calculation of (47) and (48) are all real 
integrals which do not present any great difficulty in 
numerical calculation.  The particular choice of the 
bent branch cuts was in accordance with the physical 
exponential decay at infinity (in the elastic half 
8pace, that. is).  An entire discussion of this type of 
contour integration is presented in [6], 
27 
The explicit expressions  for    fy-iCO    are 
e2[2^.a|-2(42-a|)1/2(42.a2)l/2] ,2 
011(0
 " (2e2-a22)2-4e2(eM>V2<^-4>V2" ^R5" 
a^C^-a2)1/2 a2|*| 
"l2(° " ,~*2    2x2 A*2,*2   2vl/2~2    2vl/2 " 77?"IzT7 
(49) 
afeC^-a2)1/2 a||C|      , 
ft21(° " o*2 rt2x2 ,.2~2   2xl/2.>2    2^1/2 " 9, 2   2v, 
«22(0 - «n(o 
The results of the contour integrations are 
■• 00 
«
a9 Air2„2,9lr2    2W.2    2x1/2 ,.2    1>.\/1 P   2 4k a2(2k -q2)(k -q2) /   (k -o^)  /   ^fa.^ 
Jax (2kZ-a^)4-16k4(kZ-aJ) (k2-a2) 
+ iirtReSj^j^Ca^+ReSj^j^C-aj^)] 
28 
nco 2(^8 (s2-^)1/2 
" -
1
 ***"* Jo (2.^)2.4.a(.^f)V*(.24^)Va 
j.       a2        T^-8 |x-T]| ._ 
*Va2   2je d8 
v l"a2' 
2a|k(k2-af)1/2 
0       <2k*-a|)*-4k*(k*-a£)x/*(k*-a2> 
-^2     ]e-ik|x-n|dk 
p a2      2a2k(k2-af)1/2(2k2-a|)2 
" J«     [ /oi,2     2v4_ , ,,,4/lr2     2* /lr2     2 
Z 
 ^-j-le'^^-^ldk + iTTtRes^Cc^) + Res12(-aR)] (ara2) 
-i sgn(x-Ti) j^ [/o ^2x2 
2 
2a|s(s2+a^)1/2 
0L(282^) -432(82^)V2(82^2)V2 
+      I2\  le^l^^ds (a2-a|) 
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r
al     2a2k(k2-a?)1/2 
0 L(2k2-a22)2.4k2(^a?)V2(k2.a2)V2 
(a2-a|) 
f°2r  8alk3(k2-°l)(k2-q2>1/2       4       1c-iklx-,l,k 
va^ (Zk -02) -lok (k -a^)(k -02)   (a^-a^) 
+ iT[Res21(aR)+Res21(-aR)] (50) 
K22(x»Tl) " KJJ/X.T)). 
The residues are calculated in Che following manner. 
We want to calculate 
Res(ftij(k)eik<x-Tl);aR] + Res(nlj(k)eik<x-1l>;-aR)     (51) 
fli.(k) can be re-expressed as 
Ri1(k)+di1(k)r(k) 
%j(k) " 3 y(k)'1 <52> 
where R±. (k)  and ^.(k)  are given by 
30 
-«? 
(53) 
Ru(k) - k2G(k) dll(k) - y. 
Ikla2 
Rl2(k)   - a2k(k2-a?)1/2 d12(k) J^- 12 2 2 Z 2k(a^aJ) 
R2i(k)   - a2k(k2-aJ)1/2 d21(k)   - d12(k) 
R22(k)  - Rxl(k) d22(k)   - du(k) 
G(k)   -  (2k2-a?J  -   2(k2-a|)1/2(k2-af)1/2 
r(k)   - (2k2-a|)2 -  4k2(k2-a^)1/2(k2-a|)1/2 
So the residues  are given by 
Res(fllj(k)eik<x"Tl>;aR)  + Res^ (k^1^*-^;-^) 
♦ 
Ri1^aR^  ^RC*"*))-      Rii^~aR^  ~iaR(3t-Tl) 
"    ric£)c +    F^(-aR>0 
and 
k2-a2 X/2 
r'(k)   - 8k[(2k2-a|)-(k2-a2)1/2(k-a^)1/2 -  4k3([-y—|] 
(54) 
V-ai 
k 2_  2 1/2 ■a 
+ [-2-4]       ) F'Co^)   --F'(-aR) (55) k -a2 
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The results of the calculations are 
Z2iR,1(aR) 
Resn(aR,-aR) - F.(otR>  sin aR(*-Tj) 
Z2R12(a,,) 
Res^C^-aR) - yt^ 
V     ,      v   2R21<°R^ 
2, Re821<aR'-aR> * F'(aR)  COS V*-*) 
XRes22(aR'-aR> -ZRe8ll(aR,"°R) 
The complete expressions for the kernels KJ*(X»T)), 
which can be used in computation are given in appendix B. 
(56) 
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METHOD OF SOLUTION 
In view of the forthcoming calculations we will 
solve the complex singular integral equation on [-1,1] 
instead of [-a,a].  Introducing the dimensionsless 
variables 
x- -2  t -J  k« -ak  aJ -52  y' « J a     a i  CJ  J a 
(57) 
p(t) - P(T!)  q(t) - QCn) 
and then deleting the primes (letting it be understood 
that all variables now appearing are dimensionless) 
for simplicity of appearance.  Consequently (41) 
becomes 
- f     [<p(t)L1(x,t) + <p*(t)L2(x,t)]dt 
(58) 
where 
The Fredholm kernels L^(x,t) and L2(x,t) are 
bounded. Hence aside from a multiplicative constant, 
the singular behavior of the function <p(t) at +1 
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is determined by the dominant part of the singular 
integral equation.  The integral equation (58) will be 
solved under the assumption that <p(t) satisfies a 
Holder condition on every closed part of the interval 
[-1,1] not containing the endpoints, and its behavior 
near the endpoints is such that it may be represented 
by 
<p(x) -w(x)*(x)   w(x) - (l-x)a(l-Hx) P, |x| < 1  (60) 
where the function 0(x)  is Holder-continuous in the 
closed interval [-1,1], and 
-1 < Re(a) < 0,  -1 < Re(0) < 0 (61) 
physically this means that the stresses >   (x,0) U   yy 
« p(x) and \ (x,0) - q(x) are continuous in the 
^-•xy 
open interval  (-1,1) and have integrable singularities 
at x ■ +1. 
The "fundamental function", w(x), of the integral 
equation may be obtained, within a multiplicative 
constant, from the homogeneous dominant part given by 
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Ignoring the constant, the solution of (62) satisfying 
(61) may be written as, [5]. 
w(x) - (l-x)a(l-kic)P, a---j-ie, f3«-£+i0 
i (63) e
 - h '* A 
To solve the singular integral equation (58), 
rather than following the regularization methods de- 
scribed in [5], which in this case become extremely 
cumbersome, we will follow the technique described in 
[7].  Noting that the fundamental functions w(x) of 
(58) is the weight of the Jacobi polynomials P*a,P)(x), 
we will express the solution in the following form 
00 
9(x)
   "Z   cnw<x)Pn?iP><x) <64> 
n»l 
Substitution of  (64)   into  (58),  using the identity [8] 
x       />1    w(t)P<a>P>(t) -       . 
m (i,^ 1/2  p(-a,-P)(x) ,x|^1 (65) 
and defining 
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R^x)   -   f     w(t)P^>(t)I1(x,t)dt, 
Sn(x)   "   /     w(t)*P*<J'P)(t)L2(x,t)dt 
(66) 
results  in 
cn^ 
n-2 
ftr««.j:sXfcg^^..-» 
00 00 (67) 
" I   cnRn<*>  * I   cnSn<*> 
n-1        n-1 
Assuming (66) can be expressed in terms of Jacobi poly- 
nomial expansions  P^~a,~^(x)  (which is absolutely 
reasonable, since they are integral expressions of 
bounded functions), we have 
CO 
m»l 
(68) 
DO 
m-1 
anm "K^7 J.x  ^  V*)* 
„   .  i   n p^--e)w WV| 
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where the expressions for anm and bmm are determined 
via orthogonality [9] 
pi    P<-a'-p><x)Pm-0'-e>(x) 
J.x  wlxT ** 
0   j f m  j,m - 0,1,2,... 
h   - a'^P+^n-a+nrn-e+i) hj * (2J>a-^HjTrd-a^?l)/ 
(69) 
j -m 
p(-a,-P)(x) 
If we then multiply (67) by  ""Vi  and integrate 
from -1 to 1, we arrive at a simple infinite system 
of algebraic equations to determine c .  They are 
*H c i 6m1   cffl+1(l-72)1/2 00 
(14A)    " *-ZI  " L   cna nm 
n-1 
00 (70) 
- I cn bnm  f <*> " **  - 
n-1 
The integral expressions for a   and b   can be 
nm      nm 
numerically approximated via quadratures in which the 
related orthogonal polynomials are the Chebyshev poly- 
nomials of the first and second kind [9].  The approxi- 
mations are 
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anm *iz l^sin2^>^;-e)<v<^le 
k-l 
N 1+t,   10 
j-1        3 
N 
k»l 
nm 
a 
N 1+t,  -10 
11 tef>"    ^PT<«j)4<»k.«j>] 
(2      ) 
tj  - cos[-4^r] xk - cosC^-) 
With a_  and b  known (in the numerical sense), 
nm       nm 
(70) can be solved approximately by truncating the 
infinite series with an appropriate number of terms, 
and thus we have the solution for the bonding stresses 
p(x)  and q(x). 
Numerical results are presented in the next section. 
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RESULTS 
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DISCUSSION OF RESULTS 
The solution presented here is a sixteen term 
expansion, i.e. 
16 
I 
n-1 
ID
*
(x)
 " 
c
n
w
<
x
>
P
n-iP>(x> ' <72) 
The expansion coefficients C^ are given in Table 1. 
In calculating the expansion coefficients, kernel 
integrals of the type 
ZoJsCs2-^)1/2 
0 t(2s2^)J-4si(s^2)V2(s2^)V2 
2 (73) 
•*•  »
2
 » ]e-8|,-l'd8 
were evaluated by the use of a Gauss-Laguerre integral 
quadrature. It was observed that accuracy of approxi- 
mately one percent was achieved with twenty quadrature 
points.  For integrals of the type 
f°2 2a2k(k2-c2)V2(2k2-«2)2 
"
al  ^2k^«*>M«k*<ka-.j[><k!t-aj{> 
2 <7A) 
'
al"°2' 
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a twenty point Gauss-Legendre quadrature was sufficient 
to guarantee accuracy to within one percent.  Twenty- 
five quadrature points were necessary for the Chebyshev 
polynomial quadratures of the first and second kind, to 
obtain accuracy to within five percent. 
A decision of vital importance which one is faced 
with deliberating is "How many coefficients do I take 
in the series expansion?" The answer of course depends 
on the accuracy you desire; if on one extreme you wish 
to obtain results to within a tenth of a percent, then 
you take as many terms as is economically feasible. 
Economic feasibility of course brings us to the "law 
of diminishing returns to costs." In fig (3-0), a plot 
N 
of K - Real( V ^P^j^ (1))  (analogus to a stress 
n-1 
intensity factor in fracture mechanics) versus 1/N, 
where N is the number of coefficients taken, is given. 
It should be observed that the limiting value of K 
is -.37980544 (i.e. as N -+«).  A curve fit is given 
by 
K-A+JL (75) 
A - -.37980544 B - -.51268067 a - 2.19. 
49 
fig 3-0 
09 
co 
CO 
CM 8 CO 8 
1 i 1 I I 
CO N- 8      8 
50 
/ 
Thus the use of sixteen terms of the expansion gives 
results accurate to approximately one percent, the 
measure being with respect to K. 
The reliable dlmensionless frequency range a2 " |F 
was determined to be between .01 and 1.0 (results 
are tabulated for .01 -* .10, and 1.0).  Even with six- 
teen terms reliable results could not be obtained for 
the very high and low frequency limits (i.e. a? " 10.0, 
a* " .0001).  It is the author's estimation that limit 
frequency results could very possibly be obtained by 
using more terms in the expansion, although this would 
not improve results for quantities derived from the 
expansion.  It should be pointed out that limit 
frequency results aren't of crucial physical importance 
regardless, as will be discussed later. 
The results tabulated have been for v ■ 1/4 
(Poisson's ratio) and A - 3-4v for plane strain, so 
v - 1/4, A « 2, 0 - ~ in A • .11032       (76) 
For a> « 0, the closed form static solution is 
<p(x) --^P^(x) (77) 
and for the normalization 
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 j^  - 1   h<"«»-W . 1.553054 .     (78) 
we have that 
^ - 1.365972188 (79) TT 
and the numerical solution for a^  ■ .01 is 
c2 - (-1.3659643+1.0000843) (80) 
which is in good agreement with (79). 
The resultant moment for the rocking problem is 
given by 
-1  N 
M~Real(J   £ cnw(x)xPn^> (x)dx)       (81) 
' "
1
 n-1 
which can be evaluated in closed form by use of 
x - 2PX + 2i0Po (82) 
and results in 
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N    - 
X I     cnPn?iP>(x)xw(x)dx " 2c2hia'b) + 2ie<tlhoa,P> 
M - 2c*h<<*'P> - 2*cjh<a'p> 
(83) 
hJa»p)-^r(3/2-i0)r(3/2+ie)  h<a»p> - ^f(£ 
- ^(l/4402)ir/cosh ire . 
The application of the results pertain to the areas 
of solid state electronics, machine design, and seismic 
interaction. 
Frequently in solid state electronics we encounter 
situations in which a very small metallic chip is glued 
to a quartz substrate, typically a - .001 meters and 
c« ■ 3400 meters/second, so 
•£  - 3400000   a) - ^i a2 (84) 
a2 * .01 -* 1. 0 -> to « 34,000 -* 3,400,000 cycles/ 
second, the upper frequency limit being much in excess 
of what is of interest.  The lower frequencies are 
typical of those which occur in solid state devices. 
Machine design lengths are typically of the order 
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a - .1 ■* 1 meters and c~ - 3100 meters/second, so 
c 
•^  - 3100 - 31000 (85) 
a2 " .01 -+ 1.0 *> a) - 31 •* 3100 cycles/second a - ,01m 
03 - 3100 -» 31000 cycles/second a - 1.0m 
The frequencies for a ■ 1 meter are at the upper limit 
of the physically interesting spectrum.  Finally seismic 
interactions are characterized by a - 100 ft. and 
c2 " 10,000 ft./second, this gives frequencies 
a) « 1 -»- 10 cycles/second, which is exactly the range 
for Rayleigh waves generated by earthquakes. 
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APPENDIX A 
1 1 
k2(2k2-a2) -2k2(k2-<x2)7(k2-a?)7 
Dll<k>   "       F(k)  2 Ell<k>  * TTO ~ 
1                                               1 
2k3(k2-a?)7                            -k(k2-a?)2(2k2-a?) 
D12<k>  "        P(k) E12<k>  * THEJ ~ 
1 1 
-k(k2-a?)7(2k2-a?)                           2k3(k2-a?)7 
D21<k>   " Fflb ~        E21<k) F(k) 
1               1 
- 2k2 (k2_a2)7(k2-a|)7                            k2 (2k2-a|) 
D22(k) PTO        E22(k)   " PTO  
D^OO-H^OO   --J-T D«2(k)+Ej2(k)   - j^2 g 
2(^-02) 2k(a1-a2) 
D^W+E^k)   -     '*fe  * D-2(k)+E-2(k)   - -£l 
2k(a1-a2) 2(a1-a2) 
F(k)   -  (2k2-a2)2 F°°(k)   - lim F(k) 
1 1 k-co 
-4k2(k2-af)7<k2-a£)7 - 2k2«2-af) 
1 1 
G<k)   - (2k2-a2)-2(k2-a|)7(k2-a?)7      G°°(k)   - lim G(k)   - a? k— 
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